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Abstract—Fluid flow and heat transfer from a rotating short radial blade is analysed, using rotating
coordinate system, by Von Karman—Pohlhausen integral method, when the relative fluid motion is laminar.
The transport rates for the blade are compared with those for a flat plate and for a rotating disk. Results of
heat-transfer experiments, using blades of different included angles, are reported for both laminar and
turbulent flow regimes, and are compared with theoretical predictions, as well as with other available datain

the literature.
NOMENCLATURE w, velocity component in the z direction,
by, coeﬂ.icient; norm;tl to the plane of the plate;
C specific heat; , Re, = ——, local Reynolds number
Cp local skin friction coefficient ; v o
ct, = C,Re* /2, characteristic skin 2 based on radius;
friction coefficient; Re,, = ~———, local Reynolds number
u . L v
Fin,8, = o velocity function in based on arc length.
@ direction ;
F, derivative of F w.r.t. n; Greek symbols .
" . o, thermal diffusivity;
G(n,0), = o velocity function in " = z{Q/v)*/2, dimensionless coordinate;
r direction : o(0), hydrodynamic boundary-layer
G, derivative of G w.r.t. ; i thickness; )
W 5*(9), = 3(C)/v)}'2, dimensionless
Hn o), = an’z’ velocity function in hydrodynamic boundary-layer thickness;
() A(D), thermal boundary-layer thickness ;
z direction; AY®), = A(Q/v)''?, dimensionless thermal
h, local heat-transfer coefficient ; boundary-layer thickness;
K, thermal conductivity; A(Pr, 6 .
T—T v £(8), = (~ ), ratio of thermal to
M9, = T ; , dimensionless temperature; o(6)
w im hydrodynamic boundary-layer thickness;
N ™" local Nusselt number based o, =2
u, = g+ 'ocal Nussell number ba v, kinematic viscosity ;
on radius; Q angular velocity of the rotating blade ;
hré P, density;
Nu,, =% local Nusselt number based %o, = (12, +13,)'"2, resultant local
on arc length; wall shear stress;
(0
Nu*, = _h____ g, = -,~(———, ratio of radial wall shear
K(Qw)?’ F(0)
characteristic Nusselt number, stress to circumferential wall shear
= Nu(Re)™V?; stress.
Pr, Prandt] number;
r,8,z,  cylindrical coordinates; L. INTRODUCTION
q, focal heat flux per unit area; HEAT transfer from rotating surfaces is of considerable
T, temperature; importance in engineering applications, and numerous
Ty, wall temperature; studies involving transport phenomena from both
Toos temperature of the ambient ; symmetrical and unsymmetrical surfaces under ro-
u, velocity component in the tation, where the centrifugal and Coriolis forces often
circumferential, 6 direction; significantly enhance the transport rates, have been
v, velocity component in the radial, reported in the literature over a period that extends as

r direction ;
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much as half a century. Heat transfer from turbine
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disks, electrical machines, compressible fluid flow and
heat transfer in high speed gas lubricated bearings are
a few of the major examples of such application.

The hydrodynamics of fluid flow around a rotating
body is three dimensional, and a classical example of
an exact solution of the three dimensional
Navier—Stokes equation exists for the case of a rotat-
ing disk [ 1]. The analytical and experimental studies of
hydrodynamics and convective heat transfer from
symmetric bodies under rotation have been sum-
marised by Dorfman [2] and Kreith [3].

Flows over unsymmetrical bodies such as turbine
blades are however, not amenable to closed form
solution, because of the absence of angular symmetry.
Analysis for long blades are made under the assum-
ption of negligible cross flow [4, 5]. When the blades
are short this assumption is untenable. Eisele et al. [6]
presented an analysis for fluid flow relative to a
rotating short rectangular blade under the restrictive
assumption of radial shear stress being much smaller
than its circumferential counterpart. The heat-transfer
rate was estimated by applying Reynolds analogy.

Aside from the importance of the turbine blades,
short blades can be gainfully used in rotating heat
exchangers for enhanced transport rate due to centri-
fugal and Coriolis forces, and for simultaneous handl-
ing of the ambient fluid with lesser pressure drop, if the
blades would be set at appropriate angles of incidence.
However, published information on convective heat
transfer, by analysis or from experiments with short
rotating blades is too limited, practically non-existant
for a radial blade, to undertake a satisfactory design of
the type of heat exchanger envisaged. The present
study is an attempt to make some progress in that
direction.

In this paper, analysis of laminar fluid flow and heat
transfer relative to a rotating short radial blade are
considered. The restriction of negligible cross flow
assumption is eliminated. Additionally, heat-transfer
experiments were carried out using radial blades. The
experimental results reasonably well corroborate the
analytical predictions in the laminar regime, and
provide information for heat transfer under turbulent
flow conditions.

FiG. 1. Coordinate system, rotating with the blade.
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2. ANALYSIS

2.1. Velocity field

Consider the rotation of a finite blade, rotating with
uniform angular velocity Q, in an unconfined mass of
fluid extending to infinity. The blade is maintained at
temperature T,,, while the temperature of the fluid far
removed from the blade is assumed to be T,. The
coordinate system, and the components of velocity in
different direction are shown in Fig. 1.

Introducing dimensionless variables

= Z@W), Fn,0) = —, G(1,0)=—
'1 i) ,1, Qr’ ’1’ Qr?
and H(n, 8) = w/(Qv)''2, where v is the kinematic

viscosity, the boundary-layer form of the equations of
continuity and momentum [6, 9] are written as

oF +2G + ?—}1 =0 (1a)
00 on
Fa—F—+2FG+H-a£—ZG=62—F (1b)
o6 on on?
and
FC e en S rar-poi = 76 (1c)
a0 on on?
together with the boundary conditions
n=0, F=G=H=0 {2)
n—-o, F=1, G=0.
These equations are solved using the

Karman—-Pohlhausen method wherein the boundary
conditions at infinity are replaced by the conditions at
the edge of the boundary layer of thickness 4(8), or in
dimensionless form, at *(8) = 4(6) (Q/v)"%.
Equations (1b) and (Ic), with the help of equation
(la) are recast into a set of two integro-differential
equations by integrating between the limits # = 0 and

rds T

n=20%as—| (F*—-F)dn+4| FGdn
00 o Jo
oF
—4| Gdng= -—-) (3)
0 6r, n=0
and
o o *on o
—| FGdn+3| G*dp+2| Fdy
20 ], Jo Jo
o aG
—-| Fidp= ———) . @
J+0 a" =0

The following polynomial expressions for F and G
are assumed:
3/ 19}
== — 5
Fin.6) 2(5*. 2( ) ©)

(36)-350 (&

0‘*2

G(n,6) = b,(6)
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These expressions have been chosen to satisfy the
boundary conditions in (2) and the additional con-
ditions:

as freestream criteria, and

8 F
=0, — = —1. 7

ant an? o
The last set of boundary conditions in {7) are obtained
by evaluating the momentum equations (1b) and (Ic)
atn =0.

Substitution of expressions for Fiand G into equa-
tions (3) and (4) result in

at n=0,

do* 68 19 140 1
—— —— 6*2 ___o‘*3+ 8
de 391% 1 13 o* ®
and
db, 712, 1699 5*2“14281)1_
de 975 (e 2925 ! 65 %2
547 2153
_5*4 — 9
T’ Y @

which are to be solved for 6* and b,. The boundary
layer is assumed to grow from the leading edge of the
blade requiring that 3* = 0 at 8 = 0. This condition
further requires that b, = 0 at 8 = 0, so that equation
(9) is also satisfied at the leading edge.

2.2, Temperature field

The thermal boundary-layer equation pertinent to
the problem, in dimensionless form, neglecting viscous
dissipation, is obtained as [9]

oM M 1 M
) + *6? =2 —5;2— (10)
with the boundary conditions
n=0 M=1
and
n—sw, M=0 (11)
where
T
Mr,0)=— =

Methods similar to the determination of velocity
profile are used for obtaining temperature distribution
in the thermal boundary layer of thickness A, non-
dimensionalised as A* = A(Q/v)'/%. A temperature
profile of the form

3gn gy i P
M@0 =1--(—
) =1-3(5%) *2(a)
that satisfies the essential boundary conditions given

in (11) as modified to hold good at the edge of the
boundary layer, and additional conditions

(12)

M
=0

gn— (13)

at n = A*,
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and
*M
—=0
a 2
obtained by applying the wall conditions to the energy
equation, are selected.

The integrated forms of equation (10) are

at n =0, (14)

Ar

2GM dn

As

bil
— GMdn+
7 N L

1
= -E(aM/'a??)ﬁo (15)
when §* > A* and

il de de Ae
—‘[ GMdn+j ZGMdn-i-j Mdn
60 0 (1] L

1 ,/0M
Pr(

- (16)
aﬂ ) =0
when 6* < A*,
Substitution of the expressions for F, G and M in

equations {15) or (16), and use of the definitions ¢
= A*/5* B = &3 lead to

5
1/3f = su4
P50

200 10

2/3 **4____1, 5&2__

—# (1638 273 ! 13)

g 105 f
&~ - 5

+ﬂ( o“m-b 0*2)—-1; o”+ b a*2

19 P 140 + 1 105 (17
117 13| Pr (7— B2 3)5%2

when 6* > A*

dg 840 g
a8 o%? (@273 -9 _105*7)
(2?*)10*"*%%0*‘*?5
+ B"’( -%blé"’ +3%6*4 +£206—5)
(5 g™ 3e) | 09

when 6* < A*,

The initial values for 8, for any value of Pr, is obtained
by treating df/dd = 0 at @ = 0 in equations (17) and
(18). This assumption is based on the observation that
itleadstoé = 1 at @ = 0,for Pr= 1.

Equations (8), (9) and (17) or (18) are solved for
different values of Pr in the range 0.1 to 100, by
numerical computation wusing fourth order
Runge-Kutta method.
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2.3. Results of the analysis

The results of the foregoing anslyses, both for fluid
flow and convective heat transfer relative to a rotating
short radial blade, under laminar condition, can now
be summarised. The only other available results for a
short rectangular rotating blade are those of Eisele et
al. [6]. Their analysis is however, limited to only fluid
flow, made under the restrictive assumption of
Toe < Toq. unlike in the present analysis where no such
assumption is made a priori. Furthermore, in a rect-
angular blade, the blade included angle varies from
the root to the tip, and as such Eisele’s results are not
directly comparable with those of the present analysis.
Nevertheless, reference is made to FEisele’s results
wherever desirable, for completeness.
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blade angle increases the boundary layer deviates from
the flat plate value and tends asymptotically to the
rotating disk value for 6 > 2 radians. A similar trend is
exhibited by the thermal boundary layer, A*, the
asymptotic value being attained at lesser blade angles
as the Prandtl number increases.

(ii) Velocity and temperature functions. The velocity
and the temperature functions, F, G and M, across the
boundary layer at selected blade angles are presented
in Fig. 3, together with the calculated profiles for a
rotating disk. It is noted that at small blade angles, the
relative magnitude of the radial velocity function G is
small and thus the flow could be treated as two-
dimensional. At larger blade angles, the maximum
value and the gradient of G become appreciable.

5.0
/
401 A, Pr=1.0
3.0
Q
- a: Blade
A Blade
20} | 8"— —-Flaot plate
3’ Dise
Fiat piote region
{—~Intermediote region —i—— Disc region
&', Pr=10.0
1.0
&, Pr=100.0
] | |
o 1.0 2.0 3.0 4.0
8, rod

FiG. 2. Hydrodynamic and thermal boundary layers.

(i) Boundary layers. The development of the hy-
drodynamic and the thermal boundary layers from the
leading edge of the blade is indicated in Fig. 2. The
corresponding resuits for a flat plate [7] and for a
rotating disk are also given for comparison. Theresults
for the rotating disk are obtained as a special case by
setting d6*/d0 = 0 and db,/d§ = 0, in equations (8)
and (9).

For comparison with the blade, the characteristic
dimension for a flat plate is chosen as r0, equal to the
blade arc length, and for the disk the dimension is the
radius r.

It can be seen that for blade angles up to 0.3rad the
dimensionless hydrodynamic boundary-layer thick-
ness is almost identical with that on a flat plate. As the

{iii) Wall shear stress. The wall shear stressesin the §
and r directions can be calculated as

d
o, (5 ) = HRr@FO)
and
o
o, = ...‘f) = uQ r(@/v)!2G'(0).
(s z=0

Defining the resultant wall shear stress as
To = (thm +T(2)')1,'2’
and the local skin friction coefficient as
Tg
Cpo= o,
" ap2pU
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n*z/y

F1G. 3. Velocity and temperature functions.

where U, = Qr, it is obtained that
2F'(0)(1 +¢2)V/2
p—— (19)
r(Q/v)
where
G'0)
£E=—"
F(0)

Equation (19) leads to the definition of a characteristic
skin friction coefficient as

C# = C;Re"? = 2F/(0)(1 +¢?)"2

where Re = Qr?/v.

(20)

2.4
2.2t Blade
-——Flat piate
204 0 o= ~ Disc
1.8
X1
1.4
151
5 1.2}
Glw
1.0
c*
o8 cy/2
ci/2
0.6~ F'l0)
\,
0.4} \
~.
\'\.
o.2f- e ——— C72
1 A i 1 A Ll
o [ 2 3 4 5 €6.2
B8or 8, rod

F1G. 4. Local and average skin friction coefficients.
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The advantage of using a characteristic coefficient
lies in its independence of blade geometry, especially of
the radius. A similar definition, as will be seen later, is
also applicable for the heat-transfer rate.

The average value of the skin friction is evaluated by
numerical integration,

2 0o

e
C,=— | C,rdodr
’ A.L|. a

[
and the corresponding characteristic value is C*
= CQri/v)V2, where r,, = (r;+7,)/2.

Thelocal and the average variation of C¥ are plotted
in Fig. 4. For the sake of comparison, the correspond-
ing results for a flat plate and for a rotating disk are
also given. It is assumed for the flat plate that [7]

-1/2 20
Cy2 = 0323Re; "2, Re, = —,
v

the coefficient 0.323 being compatible for approximate
analysis. The rotating disk results are estimated from
equations (8) and (9) by applying angular symmetry,
as

Cyj2 = 0.763Re~172,

Hence
C?,=03239-12 21
for a flat plate of characteristic length r, and
C¥t, =0763 (22)

for a rotating disk.

The local C¥ value for a blade at blade angles less
than 0.3 rad, is almost identical with that of a flat plate;
at large angles (6 > 1.5rad) the disk value is attained
asymptotically. The average value of the skin friction
coefficient, C¥, for a blade is however, higher than the
flat plate or the disk value, for the respective range of
blade included angles. The increase in average value
for a blade over a flat plate at small angles can be
attributed to the three dimensional flow condition, and
to the presence of a leading edge when compared with
a disk.

(iv) Heat transfer. The local heat-transfer coefficient
for an isothermal blade is,

_ —K(@T/3z)._,
T,-T,

h

- _K(Q/v)W(Z—f) N

This leads to the definition of a characteristic Nusselt
number,
h 3

Following the procedures already indicated for esti-
mating C} and C7, the characteristic Nusselt number
for a glat plate and for a rotating disk are written
respectively as,

Nu* = Nu,Re; 20712 = 0.3239~ 112
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for a flat plate [7] and

Nu* = NuRe™ 2 = 0.396
for a disk [8].

For Pr = 1, the variation of Nu* with blade angle
and comparison with the flat plate and the disk values
are indicated in Fig. 5. Similar conclusions as for C*
are noted.

2.0
Blade
18- ——~Flot plote
L6}
Laf- Pr=1.0
L2
-
20
0.8
0.6
0.4
o2 TTmee
L L 1 ! I L
[ ] 2 3 ) 5 2
8, rod

Fi1G. 5. Comparison of local heat-transfer coefficients.

4.0
—— Blode
—-~Flat plote
—-—Disc
3.0} Pr=1.0

FI1G. 6. Comparison of average heat-transfer coefficients.

The average heat transfer expressed through Nu* is
obtained by numerical integration and is given in Fig.
6 for different values of the blade included angle. The
average values for a flat plate and for a disk are also
given. For blade included angles 6,, over 0.4rad, the
average heat transfer from the radial blade is higher
than both the flat plate and the disk values. The
improvement in the heat-transfer rate is greater than
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Fi1G. 7. Local heat-transfer coefficients.

the increase in the skin friction coefficient (Fig. 4). This
signifies that higher heat-transfer rates can be achieved
by using rotating radial blades, with less than pro-
portionate increase in skin friction loss.

The effect of Prandtl number on the rate of heat
transfer from a rotating radial blade is indicated in Fig,
7.

3. EXPERIMENTS

Heat-transfer experiments were carried out using
short radial blades of approximately 15cm radial
dimension. The blades were of included angles 10, 15,
30, 45, 60 and 90°, and were heated electrically by
nichrome wire heating elements. Two separately con-
trolled heating elements were used to obtain isother-
mal blade surface. The heater power supply and blade
temperature measurements were carried out by means
of slip rings, with arrangement for the control of
individual spring tension, and with compensating
thermocouples. A schematic diagram of the experi-
mental set up is given in Fig. 8. Further details of the
apparatus and method of calibrations that ensured
elimination of errors due to frictional and differential
heating at the thermocouple slip ring-brush junction,
the error due to the presence of electric heater, as well
as the details of theoretical analysis are available in
9]

Either two or four number of statically balanced
blades of each of the above included angles were used.
Only one blade was heated and the ambient tempera-
ture was measured by a thermocouple located in one of
the other (dummy) blades. The rotational speed was
varied from 50 to 1000 rev/min.

3.1. Results of the experiments
For brevity, only resuits of experiments with 10° and
15° (included angle) blades are shown in Fig. 9.
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F1G. 8. Apparatus for thermal measurements.
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F1G. 9. Heat transfer at zero incidence angle.

However, correlation of experimental results of other
categories of biades are also given. The choice of
variables and coordinates for presenting the experi-
mental results are guided by the finding of the
theoretical analysis, which in briefis, that the blades of
small included angle be comparable with a flat plate
and those of the large included angle with a rotating
disk.

For blades of included angles 10° and 15° (6,
< 0.4 radians) the experimental results are correlated
as

Nu, = 0.72Re®S
for laminar, and as

Nu, = 0.06Re®
for turbulent regimes.

The laminar result is thus seen to be in good
agreement with the result of a flat plate, and con-
sequently with the theoretical predictions for blades of
small included angles. For the turbulent regime, the
blade result is about 50% higher than the flat plate

result where the coefficient is usually 0.037, for Pr = 1
[7]. The transition to turbulent flow is observed to

take place at Re, = 5 x 10*, which is about two orders
of magnitude less than that for a flat plate [7].

Eisele et al. [6] reported for rectangular blades, for
which the included angle varies from root to tip and
hence are not very compatible for comparison with

radial blades, a value of Nu, = 0.036Re-2.
The average heat-transfer rate from blades of 45, 60
and 90° included angles could be correlated on a single

plot of Nu vs Re, confirming the theoretical postu-
lation of disk type behaviour, as

Nu = 0.95Re®

in the laminar regime and as

Nu = 0.0415Re®*

in the turbulent regime, with the transition taking
place at an approximate value of Re = 3 x 10*,
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Noting the definitions that Nu* = NuRe™ %, it is
seen that the laminar result for the blades of large
included angles are about 30% higher than the
theoretically predicted value, when Pr =1 (Fig 6).
Experimental results for heat transfer in the turbulent
regime from a rotating disk are reported in the
literature [10] as

Nu = 0.0151Re®8 in air,
Pr=10.72.

The experimental results for the blades are thus
observed to be more than two times the reported
values for a disk [8].

Results of experiments with 30° blade (included
angle) could not be correlated by expressions obtained
either for blades of small (10 and 15°) or of large (45, 60
and 90°}included angles. The 30° blades, for which the
transport rate was experimentally estimated to be
higher than the blades of larger included angles, can be
considered as a blade of the intermediate region, Fig. 2.

Limited experiments were also performed with 10
and 15° blades when the blades were set at an angle of
incidence. An incidence angle of 25° was observed to be
the threshold value for enhancing the heat-transfer
rate. This can be partly attributed to the presence of
axial flow when blades are set at incidence.

4. SUMMARY

The three dimensional laminar fluid flow and heat
transfer relative to a rotating short radial blade at zero
angle of incidence have been analysed by the appli-
cation of the Von Karman--Pohlhausen integral tech-
nique. Simplifying assumption of either negligible
cross flow, as is usually made with long blades [4, 3], or
that the radial shear stress is much smaller than its
circumferential counterpart, as was made with a short
rectangular blade [6], has been dispensed with. The
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average transport rate from a rotating blade is higher
than that from a flat plate due to three dimensional
flow, and is high compared to a disk due to the
presence of a leading edge.

Heat-transfer experiments have been performed
with radial blades of included angle that can be said to
cover the range of small, intermediate and large blade
angles. The experiments corroborate the validity of the
theoretical analysis in the laminar regime, especially
for small blade angles. Heat-transfer rates at turbulent
conditions have been obtained only experimentally.
The blade values in the turbulent regime also are
higher than those for the flat plate or the disk.
Transition to turbulent regime appears to occur at
relatively lower Reynolds number.
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TRANSFERT THERMIQUE PAR DES AILETTES COURTES
ET RADIALES EN ROTATION

Résumé—On analyse Pécoulement et le transfert thermique autour d’une ailette courte, radiale et en rotation,
¢en utilisant un systéme de coordonnées tournant et la méthode intégrale de Von Karman-Pohlausen, dans le
cas du mouvement relatif laminaire. Les flux de tranfert pour l'ailette sont comparés 4 ceux d’une plaque
plane et d’un disque tournant. Des résultats d’expérience sur différents angles sont donnés a la fois pour les
régimes laminaires et turbulents et sont comparés aux calculs et aux autres résultats tirés de la bibliographie.

DER WARMEUBERGANG AN ROTIERENDEN, KURZEN
RADIALSCHAUFELN

Zusammenfassung— Unter Zugrundelegung eines rotierenden Koordinatensystems werden Strémung und
Wiirmeiibergang an einer rotierenden, kurzen Radialschaufel untersucht. Bei laminarer Relativstromung
wird die Von-Karman-Pohlhausen-Integralmethode verwendet. Die Austauschraten fur die Schaufel
werden mit denen fir ebene Platten und rotierende Scheiben verlichen. Fiir den Wirmeiibergang an
Schaufeln verschiedener Anstellwinkel werden Versuchsergebnisse bei laminarer und turbulenter Stromung
angegeben ; sie werden mit theoretisch errechneten Werten und mit Literaturangaben verlichen.
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NMEPEHOC TEIUJIA OT BPAIIAIOIMXCS PAJUANBHBIX JIOITACTEN
HEBOJILUIUX PASMEPOB

Annorammn — C noMouubio MHTEerpanbHoro Meroma Kapmana-ITonbrayzeHa Bo Bpawiaioefics

CHCTeME KOOPIMHAT aHa/JH3HPYIOTCH Mpouecchl 00TekaHHs H TennooGMeHa paaManbHOM JIOMacTH

HeGonbloro pasmepa, Bpallalomieiics B JAMMHAPHOM NOTOKE KMAKOCTH. IlpoBoauTCs cpaBHeHne

CKOpOCTeit mepeHoca Ajs JIONacTH, MJAOCKOH IUIACTHHBI M Bpaualoweroca aucka. Ilonyvennsie

pe3yabpTaThl 3KCIEPHMEHTANILHOIO MCC/IEAOBAHUA TNpoliecca TenaooOMeHa monacrel, pacnonoxeH-

HBIX MO Pa3IHYHbLIMH YIJIAMU Kak B JIAMMHApHOM, TaK M TypOy/NeHTHOM NOTOKE, CPABHHBAIOTCSA
C pe3y/IbTaTaMM TEOPETHYECKUX PACYeTOB M JAHHbIMH APYFHX aBTOPOB.
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